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Approx@ate shapes
dragat highsupersonic

HIGHSUPERSONICAIRSPEEDS=

DRAG

Eggers,Jr.,MeyerM.ResnXkoff,
andDavidH.Dennis

SUMMARY

ofnonliftingbodieshavingminimumpressurefore-
airspeedsarecalculated.WiththeaidofNewton?s

lawofresistance,theinvestigationis carriedoutforvariouscombina-
tionsoftheconditionsofgivenbodylength,basediameter,surfacearea,
andvolume.Ihgeneral,itisfoundthatwhenbodylengthisfixed,the
bodyhasa bluntnose;whereas,whenthelengthisnotfixed,thebody
hasa sharpnose. Theadditionaleffectof curvatureoftheflowover
thesurfaceisinvestigatedto determineitsinfluenceontheshapesfor
minimumdrag. Theeffectisto increasethebluntnessoftheshapesin
~heregionofthenoseandthecurvatureintheregiondownstreamofthe
nose. Theseshapemodificationshave,accordingto calculation,onlya
slighttendencytoreducedrag.

Severalbodiesofrevolutionoffinenessratios3 and5,inclu~
thecalculatedshapesofminimumdragforgivenlengthandbasediameter
andforgivenbasediameterandsurfacearea,weretestedatMachnumbers
from2.73to 6.28. A comparisonoftheoreticalandexperimentalforedrag
coefficientsindicatesthatthecalculatedminimum-dragbodiesarereason-
able
that
cent

drag

approximationsto thecorrectshapes.Itisverified,forexample,
thebodyfora given
lessforedragthana

lengthandbasediameterhasasmuchas 20per-
coneofthesamefinenessratio.

INTRODUC3!ION

Theshapesofnonliftingbodiesofrevolutionhavingminimumpressure
at supersonicspeedshavebeenthesubjectofnumeroustheoretical

investigations.K&m& (reference1) determinedtheshapeof sucha body
(neglectingbasedxag)withginnlengthandbasedlameter.Somewhat

%upersedesNACARM A51K27,“BodiesofRevolutionforMinimumDragat
HighSupersonicAirspeeds,” byA. J.Eggers,Jr.,DatidH.Dennis,
andMeyerM.ResniJsoff,1952,andNACARMA52D24,“Supplaen@ Note
onModified-3qact-TheoryCalculationsforBodiesofRevolutionHaving
MinimumDragatHypersonicSpeeds,n byMeyerM.Resnikoff,1952.
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laterHaack(reference2),I?errm”i(reference3),L@htb311(reference4),
andSears(reference5) calculatedbodyshapeshatig minimumpressure
dragforvariousothergivenconditionsusingmethodssimilartothose
firstemployedbyI&m&. Inalltheseinvestigationstheassumptionof
smillperturbation,potentialflowwasmade. Itistobe expected,there-
fore,thattheshapesobtainedbytheseinvestigatorsarerepresentative
ofminimum-dragbodyshapesofpractical.finenessratiosatlowsupersonic
Machnumbers.

Perhapsthefirstcalculationoftheshapeofa bodyhavingminimum
dragwasmadebyNewton(reference6) usimga methodanalogoustothe
presentdaycalculusofvariations.Newtonwasconcernedwithdetermining
thebodyof givenlengthandbasediameterhavingminimumresistancewhen
movtngat sufficientlyhighspeedsto insurethattheinertiaforcesare
largecomparedtotheelasticforcesintheimmersingfluid.Thus,as
shownby Ssmger(reference7) andEpstein(reference8),thelawofresist-
anceadoptedbyNewtonapproximatesthat(neglectingviscousforces)for
hypersonicairflows.Accor&ingtothislaw,thelocalresistingpressure .
isproportionalto thesquareofthefree-streamvelocitycomponentnormal
to thebodysurface.Legendre(see,e“g”~ref=~ce 9) ~th= fiveStl-
gatedNewtonisproblemandconcludedthatifno restrictionswereimposed
onthevariationof slopealongthesurface,a bodyhavinga meridiancurve
composedof jaggedlines(sharpedgesforward)couldbe constructedwhich,
withthislawofresistance,wouldhavelessdragthanNewton’sbody. It
mayeasilybe deduced,however,thatNewtontslawofresistancewouldnot
be satisfiedonthesurfaceofLegendretsbodysincegaswouldbe trapped
ina numberofregionsalongthejaggedcontour.Itmaybe sho~minfact
thatwhenthislawofresistanceissatisfiedatthesurface- inwhich
casethesurfacean~esmustliebetweenO andYe/2radians- then
Newtonlsbodymaybe consideredtheminimumpressuredragbodyforthe
givenconditions.

Ithasbeenundertakeninthepresentreport,usingNewton~slawof
resistsmceandthecalculusofvariations,to deteruiinebodyshapeshatig
minimumpressuredrag(neglectingbasedrag)athighsupersonicspeedsfor
variouscombinationsoftheconditionsofgivenlength,basediameter,
surfacearea,andvolume.Theeffectof curvatureoftheflowoverthe
surfaceisalsoinvesti~tedto determineitsinfluenceontheshapesfor
~ drag.

Severslbodiesofrevolution,includingtwoofthebodiesdetermined
fromthisanalysis,weretestedatl@chnumbersfrom2.73to 6.28 in the
Ames10-bylk-inchsupersonicwindtunnel.Foredragdataat zerolift
obtainedfromthesetestsarecomparedwiththeanalyticpredictionsto
assesstheaccuracyofthetheoreticalconsiderations.
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7 ratioofspecificheatatcanstantpressureto specificheatat
Ccmstsntvollmle

5 sngle(inmeridimplane)betweenfree+treemdirectionand
tsngenttohcdysurface

h Lsgrengemultiplier

P density

subscripts

o

1

2

+

B

c

free-streemconditions

valuesatnosepointof

valuesatbssepointof

meridiancurve

minimizingcurve

right4anfllimiting valueof qumtityatcorer onminimizingcurve

left4andl-fruitingvalueofquantityatcorneronminimizingcurve

mlues slongneridiancurve

conevalues

Theinvestigationundertalmnhereis concernedwiththeshapespf
nonllftingbodiesofrevolutionhawingmiuimnnpressureforedragat
highsupersonicairspeeds.Difficultiesinherentin thecalculationof
theseshapesmakeitdesir~leto simplifythedragequationinsofaras
ispracticable,consistentwithretainingtheselientfeaturesofthe
dependenceofdragon%cdyshapeandfree~tieamconditions.Likewise,
in viewoftheseveralconditionsto@ treated(viz.,givenlength,
basediameter,volume,andsurfacearea),it isconvenientto setup a
procedureofanalysisto fitthegeneralproblematbend.Thesefunda-
mentalconsiderationswillbe discussedpriortothedeterminationof
specificndnimmn+hagshapes.

.
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FundamentalConsiderations

SimplifieddraI?thBorY.-Aspointedoutinthe
%wtonlslawofresistanceappliesawxtel.y to
athighsupersonicairspeeds.Thisobservationhas

introduction,
bodiestraveling
basisinthefact

thatatsuchspeedstheinertiaforcespredominateovertheelastic
forcesintheait3ttmeadr. T?ms,obliqueshockflowsapproachthe
corpuscular-typflowstreatedhy NewtoneatheMachnumberofthefree
Btrmmbecomeslargecomparedto1. Ifit isfurtheressumedthat
7 ofthedistihedfluidapproaches1,2 theshock+?amengleapproaches
theflow-deflectionangle(seesketch).In thiscasethepressure

Disturbedflow
region

U. *

.. coefficientata“pojnt@t downstreamofthswaveis givenby the—
simpleexpression-(reference8).

Cp= 2 sin2~

Thisequationisrecognized,ofcourse,as
stentmultiplier)a mathematicalstatement
anteforcorpuscularorimpact-typeflow.

(1)

being(asidefromtheco
ofNewton’slawofresis~

Whenthecurvatureofthelmdy,endhenceofthedisturbedflow,
is smallinthestreemdirection,equation(1)shouldalsopredictthe
pressurecoefficientsatthesurfaceofa bodysince,in thiscase,the
centrifugalforcesinthethinlayerofair(sometimesrefenedto as
thehypersonicboundarylayer)betweentheshockandthesurfaceshuuld
notappreciablyaltertheimpactpressures.Mhenthecurvatureofthe
bdy islergein thestresmdirecticsn,centri~l forcesin thefluid
betweentheshock@ thesmfacemayalterthepressuresatthesurface

2ThisassumptionwasperhapsfirstsuggestedbyEpstein(reference8).
Ithastheadvantageof simplifyingtheimpactforcemM.ysiswithout
Significantlyinfluencingitsaccuracy.In otherwords,theseforces
ti flowsdmut ~ally symmetricbodiessrerelativelyinsensitiveto
Chsngesin 7 from1.4 to1. Interestinglyenough,presentindica-
tionssrethatdisturhdairflowsinflightatextrenwlyhighMach
nuniberswillbe chemmterizedby valuesof 7 below1.4(seeref-
erences10 and11).

_—— .—. —..—. —— ———- —— ..—
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fromthose@et downstreamoftheshock.
investigatedthisproblemendfoundthat
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Busemann(reference12)
the.pressurecoefficientat

a Qointonthesurfaceof a bodyc~~a inthestreamdirectionis
givenby therelatim A

A

Cp=
(

2sin=5+sin@Q Ju.
Cos5 M

)

inthe limitas Memsnd7 +1.

‘,

,.

(2)

In orderto assesstheaccuracywithwhichtheprecedingequations
my be expectedtoprovidethepressuredistributions,andthuspres-
suredrags,onbodiesoperatingathighsupersonicairspeeds,thepre-
dictionsofttiseequationssrecomparedin figure1 withthoseofthe
methodofcharacteristics(obtainedfromreference13)forenogive
operat~ ata valueofth hypersonicsimilarityparameterK (ratio
offre~treamMachnuniberto slendernessratio)equslto2, corre-
spondingto a fre~treamMachntier of6. Itis evidentthatthe
theoryofBusemann(equation(2))yieldsfsrtoolowpressuresdown-
streamofthenose,whilethesimpleimpacttheory(equation(1))is in
reasonablygoalover-sllagreementwiththemethcdofc.heracteristics.S
TherelativelypoorpredictionsoftheBusemsmntheorysreassociated
withthefactthatit stionglyoverestimatescentrifugal-forceeffects
atfree-stresmMachnumi%erswhichsrelargecoqpsxedto 1,butforwhich
7 ofthe@r flowdownstreamofthebowshockiscloserto1.4than1
(i.e.,atflowconditionsofprincipalinterestin thispaper).This
matterwillbe discussedin~eaterdetaillaterin thepaper.@ce-
mentcomparabletothat@t discussedisobtainedwiththeother
resultspresentedinreference13 for K = 2. Forlowervaluesof K
theagreemOntoftheimpacttkorywiththemethodofcharacteristicsis
somewhatpoorer,eswouldbe expected;however,itdoesnotbecome
unacceptablypoorexceptforveluesof K below1 (e.g.,thepressure
coefficientsdifferby fromO to 35percentfora K of1/2).It is
thereforeconcludedthatforveluesof K greaterthan1,equation(1)
my be usedwithmceptableaccuracyforthepurposesofthispaperto
predictthepressuredistributionsandthuspressuredregsonbodies.4

% characteristicssolutionsofreference13werecarriedoutfor
7 = 1.4. Freeflightatthelargervaluesof K consideredinthis
reportwouldproducevaluesof 7 downstreamofthebowshockslightly
lessthan1.4;however,thesmalldecreasesin 7 wouldnotsignifi-
c=tly sltertheresultspresented.

% approximatetheoryofreference14mightelsobe employedin m
snalysisofthis* – thistheoryis,infact,moreaccuratethan
thosediscussed,solongastheflowiseverywheresupersonic.How–
ever,thetheoriesconsideredherehavetheadvantage,aswillbe
apperentlater,ofpredictingapproximatelycorrectvsluesofsurface .
pressuresforarbitrarilylargesurfaceslopes.

,,.

—



.,

NACATN3666 7

Forthisreason,endlecauseofitsBim~iCitY,itisenrployadthrougl&
out the Sulm+nt Emdysis.

If thememnerinwhichthepressure
surfaceisknuwn,itis a simplematter,
pressuredragofa Imdy. Neglectingthe
havethen

coefficientvzdes overthe
ofcourse,to evaluatethe
Mse-dragcontribution,we

f

2
cp@fix (3)

o

whine y‘ d~OtOsthederivative&/tia Tms 9Wati~ W be
expressedin a formmoreconvenientforusehere

-1

%=*=f ’Cpyytdx
o

(4)

If ~ inthis~essfon isreplacedby its

(notingthat sin28 = ~), thereisthen
l+Y8

valuegiveninequation(1)

ohtdnedtherelation

(5)

It remainBnowto considertheprocedureforemployingthisexpression
incontdnationwiththemethodsofthevariationalcalculwin orderto
determinethedesired~~ bodySk~S.

ProcedureforCalculatingMidm&Drag Bodies

interesthOreia
Y = y(X)which

ThecalculationofmininnuwlragbodyS@OS of
equivalenttodeterminingth formofthefunction
minhizestheintegraldefinedinequation(5)forthevariousgiven
conditions.In consideringtheprocedureforcarryingoutthiscalcu-
lation,however,itis convenient,forreasausthatwillbe apparent
later,towriteequation(5)in a formwhicheffectivelyyieldsthe
totsldragasthesumof thedragonmy finiteregionofinfiniteslope
atthenoseplusthedragonthesurfacedownstream
we have x’

ID = y=’+
f

~t~ ~
o l+yt 2

of the nose. ThKS

(6)

. ——- _ -..—. .— — . ..—— —— —
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wherethevariablelimitxz isintroducedtopermitvariationstn
bodylength.Theconditionsofgivenvolumeorgivensmfaceareaare
fixedby theauxiliaryrequirements

%2

f
1. y’
tio

or (neglectinglaseerea)

that,respectively,

~ = c~t. (7)

(8)

Whenthelengthendbasedimeteraregiven,thsproblemis simply
tominimizetheflmctionID givenby equation(6). However,according
tothsisoperimetricruleofthecalculusofvariations(see,e.g.,
reference15),theproblemofminimizingthefunctionID}subjectto
theauxiliaryconditicmgivenby equation(7)or (8),isequivalentto
miniruiz~thenewfunctionJD,where

or

dependingonwhetherthevolumeor
X is a constmt,sometimescalled

Withtheaidofequations(6)
tobe minimizedcanbe immediately
follows:

(9)

(lo)

surfaceareais given.Thepsraetmr
thekgr~ multiplier.

casea,givenlengthsndbasediameter

through(10),theintegrendfunctions
written.Thesefunctionsareas

f . 2YY’:
l+yt

caseb, givenvolumeandlengthorbasedimeter

(XL)

,J

.

(12)

.

. . ..— ———— —.——-
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casec, givensmfaceareaX lengthorbasediametir

f .d+hy J> ‘ (13)
l+yt2

I?uwanyfmctiok y = Y(X) which*Mzes emti~ (6)1(9)> ~
(10) must, irrespectim of the given ccnditi-, satisfy the Euler
equation(forzerofirstvariationof ID orJD tithS* CIUZQ@Sin
thefunctionY(x))

..
Lfr _fy=o’
&Y

(14)

~ ~ *, resp9c-
wbere f=1 d “fy denotethepartialderivativesW ay

tively. Sincetheintegand functionsgiven*eve sreEreeofthe
independentvtia~e, thefirstintegreloftheEulerequationfor
thesefunctionsfollousimediatily~nmelYY

Substituting,successiwl-y,equati- (U), (I2),@ (13)intotMs
equationthereerethenobteinedtheewessicms

4=19

(WV = c-t”
(16)

4W13 ~p—- = cans-t. (17)
(l+y’2)2

[

4Y?3 L
Y —.

1
= Const.

(l+Y’2)2@
(18)

forcasesa,b, endc,respectively.Solutionsto thesedifferential
equationssatisfyingtheterminalconditionsontheIxXLiessreminimiz-
ingcurvesforthegivenconditions.

WhentheendTointsof a minimizingcmve arenotfixed,other
terminalconditionsmustbe imposedonthefunctionY = Y(x).->
todeterminetheordinateatthenose,itisrequiredthat(seeref–
erence16)

_—— . — ————-——..— — — _—— —
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( a
‘Y~–~ Y=) =2-Y ‘“–1 ‘o

Y-=Yl
(l+y’‘)2

Y=Yl

m m 3666

(19)

forcasesa endb, while

forcesec. Sildlarly,
that

when thelangthiS

( )Ytfyt-f =

X=X2

andwhenthebasedimter isnotgivenit

(20)

notgivenitisnecessary

o (21)

isrequiredthat

fYf = o (22)
X=X2

Iu additimtotheabovedescri%edconditions,twochecksmustbe
,madetodeterminecompletelytheshapeofaminimizingcur-m.Thefirst
ofthesechecksentsilsascertainingwhethertherearemy corners
(betweentheendyoints) onthecurve.Thisis accomplishedby deter-
miningwhetherthefunctiany =
(seereference15)

y(x)cm satisfytheregyhementthat

ata pointofdiscontinuityin yt.
no cornersexist.Thssecondcheck
(fora ~sitivesecondvariation),

= f=t_ (23)

Ifthisequationisnoti3atisfied,
requiresthattheLegendreconditicm

f Z()
Y’Yt

(24)

o

,.

he satisfiedeverywhereonthecurve.Withtheaidofthesechecks,the
minhizingcurresforvsriamconibinatiansoftheconditimsofgiven
length,lmsediamster,volume,andsurfacesreacm beuniquelydefined.
Thecalculationofthesecurvesforseveralsuchcakdnationsisnow
undertaken.
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CalculationofMnimm@rag Bodies

Givenlen~h sndbasedlmeter.–Equations(16)end(19)giyethe
firstintegraltoEulerTsequationW theterminalconditicmatthe
nose,respectively,forthesegivenconditions.It isevidentupcm
ex~g theseequationstl@ theminimizingcurvecmnot,in general,
Tassthroughboththepoints(0,0)E@ (X2,Y2),butmust,in fact,have
itBforwardterminationpointat (o,yl)withyls= 1. Withthisinfor-
mation,themimbllizillgcurvecanhe representedinparametricfornq
namely,

y~ (1 + yq2
Y=”~

4 y’

(
X=ZLL _L _-

)
‘+lny~

4 4y14+ y,=’ 4

(25)

.

It is easilyshownwiththesolutiontotheNer equatiunende-
tion(23)thatthereareno cornersontheminimizingcurve~thusthe
variationof y with x isreadilydeterminedwiththerelationsof
equation(25) fora given Z andd (correspondingto a givenX2 endy2)
of a body. Theserelationsfora baiyofgivenfinenessratiocanle
showntobe equivalentto thoseoriginallydevelopedby Newton(seeref-
erence6).

Givenlength andVOl~.– Forthesegivenconditions,
conditions(equations(19)and.(22)) requiretheslopesat
atthebasetohe,respectively,yl’= 1 sndy2’= O. The
~al totheNer expression(equation(17))thenlesdsto
parametricrepresentationoftheminimizingcurve:

the terminal
thenoseemd
firstinte-
thefollowing

‘a’s
Y=

x(l+y@)2

5Similarly,it c= be shownthatthereareno cornersbetween(o,Y1)
end(Xa,ya)~ anyofthe~~z~g c~es tobe treatedbre”

.

. . . .. -——- .—-— —- —-— — —-— . -—. .—-. — ———— --—
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.

l?romthe relations of equation(26) it is cleer, again, that the mini-
mizing curve cmnot pass through(0,0), the conditionYlt= 1 deter-
mininga valueyl>0. Theserelations,togetherwiththevol.
condition(equation(7)) endths@ven lengthcondition,serveto
determineyl andk andthus,ofcourse,theshapeoftheentirebody.
As thelengtha~oaches O,k becomesinfinitelynegative;while,as
thelengthbecamesinfinitelylarge,A approachesO. (~ thelatter
casethebodysham approachesthetinimurc-dragsham forthegiven
lengthanddiamtercondition,Z/d–>%) ~termediatenegativevalues
of A correspondto intermediateveluesoflengthfora givenvolume.

Givenlen@h andsurfacearea.–Inthiscssea firstintegrelto
theEulerequationis givenby equation(18), andtlw pmemetricrepre-
sentation oftheminimizingcurvemsylewritten inmxliately in the
fOrm

Y“

,

Uponexaminationofthis

cat. (l+y’z 2
4YY=

~s2
– A(l+yi)

1“1

(27)

x= Q
=7

equationandequations(20)emd(22),it
~comesappsrentthat,again,theminimizingcurvecaunotgothrough
thepoint(0,0).5 latterequationsdetemineuniquely,howemr, *
vslu.esof ylt (Ylt<1),snd.y2T (0<yat<yIi),intermsofthepar-
eter A. Shdlerly,thelengthemdsurfac~ea conditicmin conib-
tionwiththedboveequationsdeterminesthevalneof %. Thusi%is
easilyshownthatthepracticalrmge of A isfrom+ *o O (corr*
spendingtobodylengthsoffromzeroto infinityfora givensurface
exea- inthelattercasetheI&ton lxxlyis againo%tained),

Givenbasediemeterandvolume.-Withthesegivenccmd.itions,the
firstintegraltothelulerrelationis givenby equaticm(17), while
the terminal conditions atthefor~~ endsofthelmiyexefixed
by equations(19)and(21),respectimly.It is evidentthatthe@ni-
mizingcurvemust,in general,passthroughtheoriginin orderto
satisfyelltheseequationsin additimtotheLegen&eccmdition
(equation(24)). ~ shapeoftheminimizingcurvemeythusbe defined
pxmlnetricsllyasfOllows:

.

.

.

_—.———
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r

Y=

x=

where yl~= O. Coniliningthis
thenobtainedforthsvolumeof

V=*
120y~~

Therangeof A forwhich

(28)

& Y
,9

x(l+y?2)2

2 yt4+ 3yf2
i (l+yt*)=

1
expressionwith’equation(7),thereis
thebcdy

(y2’4+ 6y2’2+ 45) (29)

theseresultsareapplicahleOisfram

zerotO 3fi/bYZ7COrrOSpO- tO a volumerangefromhffii~ to

tiy2S&/5. Fora givenyz anda givenv>fiy2sfi/5(corresponding
to&>&/2), equation(29)hastwosolutionsin y2Y. Onesolution
@eIds valuesof y2’ greaterthanfi, whichresultviolatesthe
Legendrecondition(seeequation(24)),whiletheotheryieldspermis–
siblevalueslessthsn~. When y2 andy2‘ areknown,k maythenbe
determinedfromthefirstrelationofequation(28),nemely,

Thedetermination
‘ equation(28).

L 4 Y2t3= 2 (30)
= (l+y*t2)

of y andx followsdirectly,ofcourse,from

Givenbasediametersndsurfacearea.–~this caseequations(18),
(20),end(21)determinetheshapeoftheminimizing’curveasbeing
simplya straightline

r

(A/47’3
Y =x (31)

1 – (A/4f’3 \

wheretheparsmeterk is givenby t@ equation

8Thesolutiongivenhereisnotapplicabletobodiesofextremelysm&El
~afinenessratios(viz.,~<2 ) as canMe easilydeducedfrom

equation(28).

—— --——— ——.. ...—
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(32)

Thns, the~tiag lxxiyforgivenbasedismeterendsurfacesreais
a cone.

ComparisonofMinimum-DragBodyShapes

ThepreviouscalculationofminhmMrag bcdiesreveelstwo
generslcharacteristicsoftheirshapes;namely,wbn thelengthis
given(fixed)thebodiesassumebluntnoses,whereas,whenthelength
isnotgiven(i.e.,is free),thebcd.iesassumesharpnoses.The
formercharacteristicmy he tracedtothefactthatwiththelength
restricted,thenetdragisreducedby accepttighigherpressureson a
relativelysmallareaof.largeslopenearthenose,thusachieving
luwerpressureson a relativelylargeareaofsmedlslopenearthebase.
On theotherhand,whenthelen@h isnotrestricteditisevidentthat
a sharpratherthana bluntnosewillobtsinforminimumdrag,since
thedragofenyblun.t+noseabodycm be reauceaby simplyrelaxingthe
requirementonlength,therebyallowingthebcdytobe madesharpnoses
andgenerallymoreslender.

~ ordertopermita quantitativecomparisonoftheshapesofthe
calculate~ag lmlies,typicalmeridiancurvesforthesebdies
areshowninfigure2. Forshp~city thebodiesarecompwed.onthe
basisofthesamefinenessratio- ordinateshavebeenplotteato an
expandeascaletobetterinriicatetherelativeshapes.TheDleximum
bluntnessiseviaentlyobttieawhenthedrsgisminimizesfora given
lengthsndsurfacearea,while.themaximumsharpness(acuspnose)is
obttieawhenthebasetismeterendvolumearegiven.Itis apparent
fromfigure2 thattheflatioseclportionsofthemeridisncurvesfor
thegivenlength%odiesarein allcasesverysmall.Forexample,
yl equelsO.0050y2forthebodyofgivenlengthenavolume.Onthebasis
ofseverelcalculatiausitisindicated,asmightbe expected,thatthe
degreeofbluntnesswi12increasewithdecreasingfinenessratio.

Itis alsoofinterestto compsreminimuu+dragbodyshapesdeter–
mineswiththeaiaofthelineartheory(see,e.g.,reference2)with
thnsefoundusingtheimpacttheory,thatis,bcdiesespeciallysuites
forflightatlowandhighsupersonicspeeds,respectively.Sucha
comparisonisshownin figure3 forthecaseofgivenlengthanabase
tismeter.It is seenthatqualitativelytheshapesaresimilerslthough
the~ag bdy forlowsupersonicspeeasis generallythefatter

/. -.,
;

..

..— —.—. --
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ofthetwo.7 Comparisonsoftheresultsofthispaperwiththoseof
reference2 forothm givenconditionsalsoindicatequalitativeagree-
mentasto genmalbodyshapesdespitethemarkeddifferenceinthelaws
govemdngthesurfacepressures.

Alltheprecedhganalysishasbeenpredicatedontheassumption
thattheflowofairathighsupersonicspeedsmay,Wofar as pre-~e
forcesareconcerned,beapproximateedbya Newtonian-typeflow. It
r-ins nowtotesttheaccuracyofthisassumptionandotheraspects
oftheanalysisby experiment.

Ithasbeenundertakento obtaina partialcheckonthefindingsof
theprecedingtheoreticalamslysisby determiming expertientall.ythefore-
dragsona familyofbodiesof givenfinenessratiosatMachnumbersfrom
2.73to6.28. Theamalysismaybe expectedtoapply,atleastapproxi-
mately}inthisrangesinceforthebodiestestedthecorrespon-gvalues
ofthehypersonicsimilarityparameterK were,forthemostpart,geater
than1. A briefdescriptionofthesetestsisnowpresented.

ApparatusandTests

ThetestswereconductedintheAmes10-bylbinchsupersonicwind
tunnel,whichis ofthecontinuous-flownonreturntypeandoperatestitha
nominalsupplypressureof6 atmospheres.TheMachnumberinthetest
sectionmaybevariedfromappro-tely 2.7to 6.3by changingtherela-
tivepositionsofthes-trical topandbottomwallsofthe*d tunnel..
Duringoperationat thehighs Machnumbers,thesupplyairisheated
beforeit entersthewindtunnelto preventcondensationoftheair. A
detaileddescriptionofthewindtunnelanditsassociatedequipmentand
ofthecharacteristicsoftheflowinthetestsectionmaybe foundin
reference17.

Aerodynamicdragforcesweremeasuredwitha strain-gagebalance.
Tareforcesonthestingsupportswereessenticdlyeliminatedby shrouds
thatextendedtowithinO.O@ inchofthemodelbase.Axialforcesonthe
basesofthemodelsweredeterminedframmeasuredbasepressuresandfrom

7Partofthisdifferencein shapesstemsfromthefactthatthebody
derivedusinglineartheorywasrequiredtohavezeroslopeat thebase.
Also,aswillbe shownlater,thetrueminimum-dragshapeathighsuper-

., sonicairspeedsmaybe somewhatfatterthanthatobtainedusingimpact
theory,dueto thefactthatcentrifugalforcesareneglectedinthis
theory..

_.. _._ —--- — ..— .— .— —— —— - ——. —— -- ——---. —
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free-streamstaticpressuresandweresubtractedfrommeasuredtotaldrag
.

forces;thus,the&t-apresenteddonotincludethe
baeesofthetestbodies.

Reynoldsnunibersbasedonthe
were:

Uch numiber
2.75

::%
5.05
6.28

maximumdiameter

Reynoldsnumber,
million
O*P

.95
●72
● 35
.15

forcesactingonthe-

ofthetestbodies

.

Reynoldsnumbersbasedonmodellengthmaybe obtainedby
abovevaluesbymodelfinenessratio.

Models

Fivemodelsoffinenessratio3, andthreemodelsof

multiplfi~:the

finenessratio5
weretested.Withtheexceptionof-&n Z/d= 3 tangentogive(thisshape-
wasincludedasbeingtypicalofthosein commonusage),a12modelshad
meridiansectionshapesgivenbytheequation

(33)

where n wasgivenvaluesof1, 3/4,1/2,and1/4. When n = 3/4, the
bodyshapesdeftiedbytheaboveexpressioncloselyapproximatethe
minimum-dragshapesforgivenlengthandbasediameter(equation(25))8
for 2/d= 3 and5 (seefig.4).

When n = 1,theconeis,of course,obtainedwhichisthemidmum-
dragbodyfora givenbasediameterandsurfacearea.Minimum-dragshapes
fortwodifferentgivenconditionssrethusincludedamongthebodies
tested.

l?hotogaphsoftheeightmodelstestedareshowninfigure5. The
Z/d = 3 bodies(fig.5(a))are,fromleftto righth thephotograph,
thecone,3/4-powerbody,l/2-powm(parabolic)body,l/&pow8rbody,
andthetangentogivehhichhasa profilesectionradiusof curvature
of9.25bodydiameters.l?romleftto rightinfigure5(b)arethe
Z/d= 5 con:,3/4-powerbody,andl/2-powerbody. Thebasetiameterof

.

~ moddlsW8S1 inch.
‘Theaccuracyofthisapproximationincreaseswithincreasingvaluesof
Z/d as caneasilybe seenuponexaminationof equation(25).

.

.— .—
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AccuracyofTestResults

Theaccuracyoftheforedragcoefficientsis effectedbyuncertain-
tiesinthemeasurementsofthefollowingquantities:stagnationpres-
mres,free-streamstaticpressures,basepressures,andtheforceson
themodelsasmeasuredbythestrain-gagebalance.

Bothstaticandfree-streamdyaamicpressuresweredeterminedfrom
wind-tunnelcalibrationtitsandstagnation-pressurereadings.Thelatter
measurementsw~e accuratetowithin&L/2percent,thusstaticad dynamic
pressuresareuncertatibythisamountpluspossiblecalibrationerrors
ofa percent over theMachnumberrangeofthetests.Theuncertainty
inforedragsdueto accuraciesinthedeterminationofbasepressures
doesnotexceed2Zpercent.

Becauseofthesmalldragforcesmeasured,thesourceofgreatest
errorwasthestrain-gagebalancesystem. Theuncertaintyindragdue
to zeroshifts,thermaleffects,smdfrictionvariedfromappro-tely
@ percentatthelowerMachnumbersto i-6percentatthehighestMach
nmibers.

Thecombinedeffectsofallthesourcesof errorresultinprobable
uncertaintiesinmeasuredforedragcoefficientsoffromtO.001atthelQW
hfachnumbmsto N .00~ata hch nunberof 6.28. @ ordertoreducethis
errorinthedatapresentedhere,particularlyatthehigherlkchnumbers,
severalmeasurementsweremadeat eachMachnumberandtheaveragevalues
offoredragcoefficientswereemployed.

are
Thevariations
showninfigure

predicted,have-the
ftienessratio,the

13EWLTSANDDISCUSSION

wtthMch numberofthemeasuredforedragcoefficients
6. Itis evidentthatthe3/4-powerbodiesdo,as
minimumforedragsofallthetestbodieswiththesame
dragofthe3/k-powerbodybeingasmuchas 20percent

les6thanthat-oftheconeofthe”sameftienessratio. Thegenerd-
increaseinforedragatMachnumbersintheneighborhoodof ~ andgreater
canbetracedto an increaseinfrictiondxag.Thislatterincreaseis,
inturn,causedbytherelativelylare decreaseinReyn61tinumberwith
increasingMachnumberinthisrange?seesectiononApparatusandTests).

A checkontheover-all,accuracywithwhichtheoptimumshapesare
predictedbytheanalysisisobtainedby comparingtheoreticalandexperi-
mentalvaluesoftherelativeforedragcoefficientsofthetestbodies.
Sucha comparisonisgiveninfigure7 wheretheratiosoftheforedrag
coefficientsofa testbodytothecorrespontigcoefficientsofthecone
ofthesamefinenessratioareshownasa functionoftheexponentn in
equation(33)whichdefinestheshapesofthetestbodies.Thetheoretic&1
predictionsoftheimpacttheoryappearto be in goodageementwiththe
experimentalresultsatthehighervaluesof u (approximatelyn >0 .6).
Thusitissuggestedthatthe3/k-powerbodyisa reasonableapproximation

— -.. — ..— — ————— .-s -—_ ——. .—
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tothecorrectminimum-foredragshapeofgivenfinenessratio.At the
lowervaluesof n,however,itis indicatedthattherelativedragis
significsmtlyoverestimatedbythistheory.Thisresultisnotentirely
surprisingsincethetheoryneglectscentrifu@l-forceeffectsinthe
disturbedflow,andtheseeffectsmustappreciablyalterthepressures
overthehighlycurvednosesoftheblunterbodies.

Asdiscussedearlier,theBusemamtheoryforinfinitelyhighMch
numbersoveresthmtestheseeffectsattheI@& numbersof interesthere.
IthasthereforebeenundertakeninAppendixA ofthispaperto obtaina
betterestimateof centrifugalforcesby accounttigapprodmate.lyforthe
decreaseintheseforces(atfinitebuthighMachnumbers)associatedwith
theinmeaseinthelateralextentofthedistrubedflowfieldwith
increasingdistancedownstreamfromthenoseofthebody.Thepredictions
ofthemodifiedimpacttheoryshowninfigure7 wereobtainedwiththe
aidofthisestimatedcentrifqpl-forceeffect(seeeqpation(A9)) in
combinationwithequations(1)and(3). Itisindicatedthatthistheory
ismarkedlysuperiorto the@act theoryatthelowervaluesof n, cor-
respon~ totheblunterbodies,

.
overthetestMachnumberrange.The

estdmateofthecentrifugalforceswouldthusappeartobe infairagree-
memtwiththeactualmagnitudeoftheseforces.

Itisalsoindicated,infigure7 that atthehighertestMachnumbers
(hencehighervaluesof K),3themodifiedtheoryisgeneraUysomewhat
superiortotheimpacttheory.Thisresultsuggeststhatimproyedapproxi-
mationstothecorrectminimum-foredragshapesforvaluesof K appreci-
ably~eaterthan1 maybe obtatiedbyusingthistheoryratherthanthe
simpleimpacttheory.Accordingly,calculationsofminbmm-dragshapes
havebeenmadeusingthemodifiedimpacttheoryinthemannerdiscussed
inAppendixB..Thebodyshapesobtained(seeAppendixB) areforthesame
givengeometricconMtionsasthosepreviouslydeterminedusingimpact
theory. Theresultingshapeforgivenlengthanddiameteris shownh ~
figure8. NewtonYsbodyofthesameftienessratioisalsoshownfor
comparison.Thebodyshapedeterndnedbythemod.ifiedtheoryissomewhat
morebluntintheregionofthenoseandhasmorecurvatureh theregion
downstiearnofthenosethanNewtonysbody. A sidlarcomparisonisshown
3nfigure9 forthebodiesofgivenbasediameterandsurfacearea. Ih
thiscasebothbodieshavepointednosesbecausethelengthisnotfixed,
but,inthesamemanneras forthebotiesof givenftienessratio,the
shapecalculatedwiththemodifiedtheoryhasmorecurvzztureintheregion
aftofthenosethandoesthebodycalculatedwiththeimpacttheory.
us resultisnotsqising inviewofthepressurerelievingeffect
of centrifugalforces.

(calculationofthedragofthesebodiesindicatesthatthoseobtained
usingNewtoniantheorywillas expectedhavethehigherdragathypersonic “
speeds,althoughnotbymorethana fewpercent.Thisresultsuggests

‘Thehighestvalueof K inthepresenttestswas2.1. .
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thatconsiderationof
principallyimfluence

centrifugalforceswill,inthepracticaluse,
theshapeandnotthedragofminimumdragbodies.

CONCLUDINGREMARKS

Ithasbeenundertakeninthisreportto determineapproximately
thes~pesof severalbodiesha@g &hum pressureforedragathigh
supersonicairspeeds.WiththeaidofNewton~slawofresistanceand
thecalculusofvariations,an investigationwascarriedoutforvarious
combinationsoftheconditionsofgivenbodylength,basediameter,sur-
faceuea, andvolume.b gener&l.,itwasfoundthatwhenthelengthis
fixed,thebodyhasa bluntnose(i.e.,a finiteareaofinfiniteslope
atthenose)as intheclassicalproblemconsideredbyNewton;whereas
whenthelengthisnotfixedthebodyhasa sharpnose.

Severslbodiesofrevolutionof finenessratios3 &d 5,including
thecalculatedminimum-dragbodiesfor”givenlengthandbasediameter
andforgivenbasediameterandsurfacearea,weretestedatWch num-
bersfrom2.73to 6.28intheAmes10-by14-inchsupersonicwindtunnel.
A comparisonoftherelativetheoreticalandexperimentalforedragcoef-
ficientsindicatedthatthecalculatedminimm-dragbodieswerereasonable
approximationstothecorrectshapes.Itwasverified,forexample,that
theminimm-dragbodyfora givenlengthandbasediameterhasasMUChas
20percentlessforedragthana coneofthesamefinenessratio.Thecone
is,however,thecalculatedminimum-dragbodyfora givenbasediameter
andsurfacearea.

Thecomparisonbetweentheoryandexperimentalsoindicatedthatthe
centrifugalforcesintheflowaboutbodiescurvedinthestreamdirection
mayinfluencetheirdrag.Therelatiweextentofthisimfluencewasfound
tobe predictable,particularlyatthehigherMachnumbers,witha simple
modification.to theimpacttheoryofNewton.Itwasthereforesuggested
thatimprovedapproximationstominimumforetiagshapesathighsupersonic
airspeeds(forwhichthehypersonicsimilarityparameterhasa value
appreciablygreaterthan1)maybe calculatedwiththeaidofthemodified
impacttheory.Sucha calculationwascarriedoutforbodieswiththe
samegivenconditionsasthosecalculatedwiththeNewtoniantheory.In
general,theresultingshapeswerefoundtobe somewhatblunt-erinthe
regionofthenose,tohavemorecurvatureintheregiondownstreamof
thenose$andtohaveslightlylowerdragthanthecorrespontbgshape8
obtainedusingthesimpletipact

AmesAeronauticalLaboratory
NationalAdvisoryCommitiee

MoffettField,Calif.,

theory.

forAeronautics
Dec.14,1955

- ——---- —.——. —— .
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APPENDIXA

EST- EFFECTOFCENTR12?UGALFORCES

ONSURFACEPRESSUEUZCOEFFICIENTS

An estimateoftheeffectofcentrifugalforcesonthepressures
atthesurfaceof a lcdyoperatingathighbutfiniteMachmnibersmy
he obtained.by comp=tigthedistu.rb=ceflowfieldsattheseMach
mniberswiththatassociatedwithinfinitelylergeMachnmiber.

At highMachnunibersthedisturbedairflowsin a relativelythin
region(somethesternwdthe~ersonicbounderylayer)betweenthebow
shockwaveandthssurfaceofthebcdy(seesketch).

u ~ Shockwave
Streamline
Bcdysurface

x
L

Thechangeh pressuefromthesurfacetotheshockduetocentrifugal
forcesinthefluid”is givenby theequation

-sting & directionsofthenormslstothestreamlinesbetweenthe
surfaceandtheshockdonotdifferappreciablyfromthedirectionof
thenormaltothesurface.Thisexpressionismoreconvenientlywritten
in theform

Ap =

where5’andR aremeanvalues

f

IT
~ pUm (Al)
R.

ofthevelocityand.radius,respec-
tively,intheintervelN. Nowthemass m of-r betweent~ surface
endtheshockflowing(inunittime)by a pointonthelxxlyis givenhy
therelation

f

m
m~2my pum=Yry2pouo (A2)

o
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C@in3ngequations(Al)end(A2)thereisthenohtdneaforthepres-
ame chmge

4= gzpouo
~2

orinCoafficimltform

ACP = Ap YE—=. —
go ~ U. (A3)

NowinthslimitastheMachmuiberapproachesinfinity end 7 ofthe
disturhdfluiaapproaches1,thethicknessofthelwr %ecmesinfini-
tedmalendhence

R . RB

Similarly,it is easily shown(e. g., withthecompatibility

(A4)

equations
applying&Longcharacteristiclinesin sxisllysymetricsupersmic
flow)that

au=o

alonganyStrWdiXl13downstreamoftkebowshock,andthustlmt

Hence,h thislimitingcase,equation
tothatfirst&educedbyBusemmn(see
tion(2)),andlaterderivedinreference18,namely,

(A3) tekeson a formequivalent
secondtermonrightof9P

where

J’Y~=soycos6ay (A6)

“ORtheotherhandwhentheMachnmiberisfinite,mt ~@, ~ 7
oftheaistilOafltiaiscloserto 1.4than 1, the precedingevalu-
tionsof ~ and~ areinconsiderableerrorsincethehypersonic
boundex’ylsyer,althoughthin,isno longerofinfinitesimalthictie~s.
Thischsngeinthsbounderylayerresultsfromthefactthatthebow
shockisiietachecl(exceptperhapsatthenose)fromthesurfaceofthe

.-—.—.-—-. —...-.-— .——. - -——-.—-— —— —— —— ———
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lxxiy,thelateral distxmcefromthesurfacetotheshockincreasing
withincreas~ tistsncedownstreamfromthenose(seesketch).Thus,
forexample,R wouldbe expectedto approach~ onlynesrthenose,
whilewithincreasingdistsmedownstreamofthsnoseitwouldbe
expectedtolecomelargerthen I@. lhomthepressuredistributions
presentedinreference13itisindicated,_infact,thatfor K>1 (the
rsngeof Kts ofinterestinthispaper)R>>% nearthemaximum
ordinateofthebody. (Thisindicationfollowsfromthesmellvalues
oftlmpressurecoefficientsnesrthemaximmordinate.) It is sug-
gested,therefore,thatatthehighsupersonicspeedsunderconsider-
ation,enapproximationto F is givenby therelation

(A7)

Similarly, in thecam of ti itno longerfollowsthatthemagni–
tie oftheveloci~mustbe constmtslungstreamlinesdownstreamof
thebowshocksincepressuredisturbancescsnnowbe_trmsmittedacross
streamlines.Thusabetterfirsta~r@mationto U then that given
hy qua*@ (A5)my le olteined frumthe simplecorpuscularor impact

.

-th80ry,‘“ nmely,

n =U.Cos5

COmmmg equations(JQ),(A?),d (A8),the
surecoefficientattheAzrfaceofa bdy due
highsupersonicspeedflovis Olttiedinths

(M)

estimateddmnge in pres-
to centrifugalforcesin
fOrm

or
Acp=.pqcos5

Y2

A.Cp= ~ (1- L) L (sin28)
2 Y2 ay

(A9)

‘%iththistheory,accelerationoftbeflowalonga streamlineis
quslitatimlyacccmmtedfor. L

.

—— —
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APPENIHXB
.

.

WLCUIATIONOFMINIMUM-DRAGBODIFS, WITH

CONSIDERATIONOF CENTRIFUGALFORCI!S

INTKEDISTURBEDFLOWFIELD

GivenLengthandBaseDiameter

Forthepurposeofthis
thepressurecoefficientare
dragpsrsmeterintheform

X2

ID = ylz+Q (Yl)+ I’1
“o ‘

calculation,equations(1)and(A9)for
combinedwithequation(4)tofieldthe

Theterm y12 representsthedragonanyfiniteregionofinfitite
slopeatthenose,whilethefunctionq(yl),@ven l&l

9(Y1 )

representsa “leading-edge
flowdbouta corner(ifit

.+1 –~) COS25=

thrust”duetotheaccelerationoftheair
exists) at (o,yl).

Theexpression(Bl)may%e putintheform

ID
= y’2+~ tl’

where~on(recaUing
functionf givenby

,2
sin25 = %)
therelati%’

theintegrandsimplifiestoa

l?l%isfunctionmaybe obtainedby evaluating

y=+~

Iim
I

<(1-+)* (si112a)ay
E+o y~–G

alongthebdy-surfacestreamline~out thecornerat (o,y=).

, —-.——— —.. — _ —. . ..—. _____ ——.
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Withtheaidofthisexpressionandequations(15) and (19) thepara-
metricrepresentationofthe‘minimizingc&ve canbe obtatied~ the-
folkwingform:

[

y=% .J-

where

+Fz2=q1(B2)

Yll =1

and,tigene-,

yl>o
Theminimizingcurvegivenbytheserelations,similartothecurve
obtainedfromtheimpactpressuretreatment,doesnothavea corner
betweenthepoints(o,y=)and(~, yz). The~-drag shapedefined
by equation(B2)is comparedinfigure8 withthatdeterminedearlierby
consideringhpactpressuresonly.

Theequationsdefiningtheminimizingcurvesfor-theothergiven
geometricconditionsareobtainedina similarmanner.

GivenLengthandVolume

[

,2 2 3-yt~
-Y A(l+ y’2)2

1
te+c(l+y ) y-

y.

3Y9S-
Y2 X(1+ y@)2

\
(B3)

J
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with y~i. 1 andy2*= 0.274anda rangeof A from~ to O correspond-
ingtotherangeO tom for Z.

Numericalintegrationof equation(B3)isaccomplishedby first
evaluatingthefirsttitegralto theNer equationatthebaseofthe
bodyandsolvingfor c/y2 intermsof y2A. Lettingq(yt,yzh)repre-
senttheresultingfunctionof ytandy2h,equation(B3)becomes

Y= Y29(Y’,Y2~)

andthevolumeisgivenby

v - 0.274

J
~ @ - y2Sr(y27J- = Y2Saf

yt=l Y’

. ThevaluesofthefunctionsA and I’ areobtatiedbynumericalintegra-
tionforvariousvaluesof y2A to enableinterpolationforthatvalue
of y2A whichmakes r/A~= T/xl=.Theset(y=A,A, r) sodetermined
satisfiesthegivenvolumeandlengthrequirementsandyieldsa valueof
thebaseordinate,y2 . Z/A.

Y=

x=

witha range

GivenLengthandSurfaceArea

1
[[ )7(1+y’2)3’2-2y’32*

g

J[ TA(1+yt2)s’2-& y22+12cy’3(1+y@)2y2

./

I

(B’)

J
‘w
~

o

of A givenby

‘0’4<’<++%)
Theprocedureusedto integrateequations(B4)is similartothatemployed
to inte~ateequations(B3)above.

. ..— . . . . . . . .. . .._ ——— .. . . . ..-— — ._ .—— .- . --
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GivenBase DiameterandVolume

2Y2y.
AY2(1 + y’q2

Is -3
Y

1

I
where

~2 .

For Z/d ratiosgeaterthan
y2%andh are

5Y2’3/(1+ Y2’2)2

1/2,Yl = o,y~f=

GivenI!aseDiameterandSurface

with y~ = O and

h = U.6(y22/S)g

(B5)

0,and therangesof

d

Area

(B6)

*

,

Theminimizing cum givenby equations(B6)is camparedinfigure9 with
thatdeterminedearlier(thecone)by consideringimpactpressuresonly.

.
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figure4.- Comparisonof profiles of minimumdrag bodiesof revolu-
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Figure 5.-Concluded.
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The effect of centrifugal forces on the shape of the mlnlmum drag body of given Iengih

and hose diameter. (Vdm6./8)
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‘ure 9- The effect of centrifuaol forces on the shaoe of the minimum
of given diometer >nd surface urea (d ~ 2, S = 31571


